Abstract An analytical model for the read back signal is derived for perpendicular and longitudinal magnetic recording. The model captures the contribution of a single bit rather than the contribution of a bit transition which makes it applicable to patterned media as well as continuous media. It is based on the law of Biot-Savart and separates the contribution of the magnetic media from the head sensitivity function.
Introduction
A large number of analytical models for the magnetic read back signal have been developed in the past for longitudinal and perpendicular magnetic recording (Valcu and Bertram 2002; Roscamp et al. 2002; Smith 1993; Wood and Wilton 2008; Shute et al. 2006; Chai et al. 2006; Suzuki et al. 2006; Wilton et al. 2004; Mallinson and Bertram 1984; Radhakrishnan et al. 2007; Bertram 1994; Khizroev and Litvinov 2004; Richter 1999; Bertram 1994, 1996; Nishida 2001, 2003) . Initially, the ''on-track'' response was approximated in 2-D by neglecting off-track effects and approximating an isolated bit transition which yields a bell-shaped curve for longitudinal recording and a di-bit curve for perpendicular recording (Richter 1999) . With increasing storage density and decreasing bit aspect ratio there was a need to switch from initial 2-D models to 3-D models (Wood and Wilton 2008) . Many of the models developed consider isolated magnetic bit transitions (Valcu and Bertram 2002; Wood and Wilton 2008; Chai et al. 2006) . A commonly used technique is based on the principle of reciprocity as applied in (Roscamp et al. 2002; Smith 1993; Chai et al. 2006; Yuan and Bertram 1994; Yuan and Bertram 1996) or Fourier components (Shute et al. 2006; Suzuki et al. 2006; Nishida 2001, 2003 ). An excellent overview of previously developed models is given in Wilton et al. (2004) . In Wilton et al. (2004) , the read back signal is approximated by considering various magnetic potentials.
In this paper, we are following a different approach for an analytical approximation of the read back signal which is motivated by the evolution in magnetic recording technology. Previously, inductive recording heads were used that measured the transition (derivative) of the magnetization pattern on the disk. Today, giant/ tunnel magnetoresistance (G/TMR) heads are in use that change their resistance in the presence of a magnetic field. Furthermore, one of the possible future technologies in hard disk drives might be bit patterned media (BPM) (Hughes 1999) where the magnetic bits are well separated from each other to avoid cross-talk effects at high areal densities. G/TMR and BPM will intuitively require a read back signal model that considers the measured response of the bit rather than the bit transition as the transition parameter might not be described correctly with current analytical models. Furthermore, servo designs in BPM that incorporate either only ''up'' or only ''down'' magnetized bits could be captured by the model. Track edge effects and written transitions that are sometimes modeled by an ellipse (Wood and Wilton 2008) would be decreased as the bits on patterned media would potentially have a well defined shape. More complicated shapes could be investigated by using the model developed and a so-called micro grid approach (Chai et al. 2006 ) that is very accurate and considerably faster than finite element solutions.
The objective of this paper is to propose a 3D analytical model of the read back signal that allows the investigation of any recorded bit pattern separated from the various different types of head sensitivity functions. This paper is organized as follows. Section 2 shows how the 3D distribution of the magnetic field can be approximated for longitudinal and perpendicular magnetic recording using the law of Biot-Savart. Thereafter, in Sect. 3, a simple model of head sensitivity is given which will be used to calculate the read back signal. Finally, in Sect. 4, the read signal for longitudinal and perpendicular recording is simulated for an example pattern.
Media contribution
The media magnetization is modeled considering a single point of measurement. The coordinate system is defined according to Fig. 1 which corresponds to longitudinal magnetic recording (LMR). It will be shown later that the results of the LMR system can be simply modified to perpendicular magnetic recording (PMR) through a rotation by p 2 and adding a soft magnetic underlayer (SUL). For a simple analytic approach continuity of space is assumed. Therefore, it is necessary to assume that the relative permeability of the recording layer is unity for both perpendicular and longitudinal recording (Takahashi et al. 2003) . As indicated in Fig. 1 , each bit is assumed to have a cuboidal shape with length L, width W and recording layer thickness T. Other shapes such as cylindrical shapes could also be of interest for BPM but are beyond the scope of this paper. Each bit can be modeled as a permanent magnet which itself can be modeled by placing equivalent currents on its surface. As indicated in Fig. 1 , an infinite number of equidistant currents with infinitesimal distance d x apart from each other are placed on the bit. The origin of the coordinate system is defined in the center of the bit. Using the law of Biot-Savart (Spaldin 2003) , which can be derived from Maxwell's equations, one can calculate the differential magnetic field dHðrÞ caused by each surface current segment as
where r is the vector to the measurement point, r 0 is the vector to the contributing surface current segment and dl is the vector of the contributing surface current segment (Fig. 1) . The value of each surface current equals
where H C is the coercivity of the magnetic recording layer. The currents that are indicated in Fig. 1 have four main components of direction (1,2,3,4). The vector r 0 to each current segment dl can be parameterized for the four components of direction as 
Here, t ranges from 0 to 1 and x ranges from À (6) and each current segment dl i is defined as
We can now compute the total magnetic field as
Each of the two integrals in (8) yields two components in the analytical solution of (8) and since there are four main current directions we obtain 4 9 2 9 2 = 16 components for the solution of (8). We can solve this integral analytically. For clarity, we write the x-, y-and z-components of the measured magnetic field at point r ¼ ðx m ; y m ; z m Þ T separately in (9)-(11) as
where R i and S i are defined by
and
respectively. The coefficients a xi [ {-1, 1}, a yi [ {-1, 1}, a zi [ {-1, 1} and a ei [ {-1,1} (x-, y-, z-direction and exponent) occur in all possible perturbations and are listed in Table 1 . For a simple numerical example with parameters: head-medium spacing (HMS) = 10, W = 50, W = 50, T = 20 nm, the normalized media magnetization in longitudinal recording is plotted in Fig. 2 . As indicated earlier, this result can be modified to obtain the solution for PMR. Figure 3a shows the cuboidal shaped bit from Fig. 1 rotated by p 2 around the y-axis. The contribution of the soft magnetic under layer (SUL) to the magnetic field measured at r ¼ ðx m ; y m ; z m Þ T has to be taken into account. The SUL has a relative permeability that is much larger than 1 (on the order of 100). For the analytical approximation it is assumed to be infinity. Therefore, an image source is placed below the bit (Fig. 3a) . It can also be modeled by a mirror head (Khizroev and Litvinov 2004) as shown in Fig. 3b . Figure 3a (one head and two bits) represents the equivalent numerical problem as Fig. 3b (one bit and two heads) where the magnetic field is computed for two different points yielding the contribution of the real head H real and the contribution of the image head H
img . An adjustment parameter r C 0 is introduced that depends on the thickness and the relative permeability of the soft magnetic underlayer and the thickness of the intermediate layer. It is obvious that placing the soft magnetic layer further away from the recording layer will decrease the effect of the under layer on the read back signal. By switching x-and z-components in the coordinate system definitions (9)-(11) can be rewritten. The shielded tunnel magneto resistance (TMR) head is mainly sensitive to the z-component of the magnetic field (Wood and Wilton 2008) . Hence, only the z-component is considered here. However, depending on the head design, the x-and y-components could be considered as well. H z can be written as the superposition of the contribution of the ''real'' head and the ''image'' head as indicated in Fig. 3b . Thus, the new 9  10  11  12  13  14  15 16
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where
The normalized contribution of the three components to the magnetic field are plotted in Fig. 4 . One can clearly see the similarities by comparing the x-component and z-component in Fig. 2 to the z-component and x-component in Fig. 4 .
Head sensitivity
The sensitivity of the read head is defined in a similar way in Yuan and Bertram (1994) as shown in Fig. 5 . The shields are assumed to have infinite width and the read element has a finite width w and thickness t. The gap between the read element and the shield is defined as g. The sensitivity function is unique to the head design. In simulations in this paper a sensitivity as indicated in Fig. 5 is assumed. The TMR element reads 100% of the signal and the sensitivity decreases towards the edges of the shield. At the shield, no signal is detected by the read element. Different sensitivity functions are conceivable, such as a Gaussian shaped read sensitivity function (Wachenschwanz et al. 2005) .
The read back signal is approximated by the convolution of media magnetization and read element sensitivity function. Using superposition and the analytic model for one single bit allows the computation of the x-y distribution of the read back signal for different flying heights and for arbitrary bit pattern. 
Simulation example
As a simulation example, three different head-medium spacings are computed for longitudinal and PMR. Figure 7 shows the computed read back signal for the following assumed parameters: The bit dimensions were defined as L ¼ 170 nm; W ¼ 80 nm; T ¼ 20 nm; r ¼ 0 nm and reader parameter were assumed as w ¼ 60 nm; g ¼ 30 nm; t ¼ 10 nm: Figure 6 shows the simulated read back signal based on the above parameters for a ''16T''-type pattern that is used in the experimental section in Boettcher et al. (2011) . The 16T pattern consists of 8 ''up''-magnetized bits followed by 8 ''down''-magnetized bits. Three different head-medium spacings are shown in Fig. 6 : 18, 10 and 2 nm. The left column shows the time domain signal (normalized by the maximum signal at 2 nm HMS) at track center (y = 0); the second column shows the corresponding single sided amplitude of the frequency spectrum and the third column shows the read back signal distribution for one single bit in down-track (x) and off-track (y) direction. In a similar fashion, the read back signal for PMR is shown in Fig. 7 . Here, the same bit pattern and bit and head parameters were used and a typical shape for a PMR signal can be observed. For further verification, the ''16T''-type pattern was written at 450 MHz onto a disk using a commercially available spinstand (Microphysics Inc.). The raw read back signal is shown in Fig. 8 . We observe the typical U-shape of perpendicular recording signals when written at relatively low linear densities. Furthermore, a good qualitative agreement between Figs. 8 and 7 (bottom left) can be 
Conclusions
The significance of the mathematical model derived in this paper is due to its simplicity. In particular, the magnetic field is computed directly instead of using the transition (derivative) of the magnetization in the read back signal. This allows a very fast simulation, without compromising accuracy. The model is applicable to continuous and BPM. The media magnetization model is separated from the reader sensitivity function. The simulated (perpendicular) read signal is in qualitative agreement with experimentally obtained read back signals.
